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Abstract. In this paper we settle Thurston's old question of whether the 
Weber-Seifert dodecahedral space is non-Haken, a problem that has been a 
benchmark for progress in computational 3-manifold topology over recent 
decades. We resolve this question by combining recent significant advances 
in normal surface enumeration, new heuristic pruning techniques, and a new 
theoretical test that extends the seminal work of Jaco and Oertel. 



1. Introduction 

1.1. Motivation. In recent decades, 3-manifold topology has seen the resolution 
of many important decision problems, from Haken's unknot recognition algorithm 
in the early 1960s fO' through to the difficult and multifaceted homeomorphism al- 
gorithm that was finally tied together with Pcrelman's proof of the geometrisation 
conjecture in 2002. Many of these resolutions, however, are in theory only. De- 
cision algorithms in 3-manifold topology are often highly complex and extremely 
inefficient, and only a handful have ever been implemented for practical use. A 
key motivation in computational topology is to elevate such algorithms from hy- 
pothetical procedures to practical tools that can be employed in other theoretical 
applications. 

In 1980, Thurston asked whether the Weber-Seifert dodecahedral space is a 
Haken manifold I; (we define these concepts in Section [TT^ . Resolving this ques- 
tion has been a symbolic goal for computational topologists: in 1984, Jaco and 
Oertel devised an algorithm to decide whether a 3-manifold is Haken [TT] , and the 
only barrier to solving Thurston's question has been improving, implementing and 
running the Jaco-Oertel algorithm. Furthermore, resolving this specific question 
has broader implications — many of the improvements to the Jaco-Oertel algorithm 
have a wider impact, since this algorithm uses Haken's machinery of normal surface 
theory, a toolset that has now become ubiquitous in 3-manifold decision problems. 

Here we resolve the question of Thurston by proving the following theorem: 

Theorem 1.1. The Weber-Seifert dodecahedral space is non-Haken. 

The proof is essentially computational; as noted earlier, the main difficulty lies 
in redeveloping and extending the underlying algorithms to the point where we can 
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implement and execute them in a feasible timeframe. We achieve this through a 
combination of techniques: 

• We implement and exploit recent advances in the core machinery of nor- 
mal surfaces, including the Q-theory of Tollefson [19] and the enumeration 
algorithms of the first author [5j [7] ; 

• We extend the work of Jaco and Oertel, essentially showing that we can 
reduce the computational workload by searching for compatible pairs of 
normal surfaces instead of individual normal surfaces (Theorem [T^l below); 

• We develop new heuristic tests for identifying compressible surfaces; in 
theory these do not guarantee conclusive results, but in practice we find 
that they allow us to completely circumvent the most difficult step of the 
Jaco-Oertel algorithm (testing surfaces for compressibility). 

1.2. Definitions and key results. The closed, irreducible 3-manifold M is Haken 
if it contains an embedded, injective surface different from the 2-sphere or the 
projective plane. A surface S* in M is injective if the inclusion S G M induces 
a monomorphism between the fundamental groups. The boundary of a regular 
neighbourhood of an injective surface is 2-sided and (geometrically) incompressible. 

The Weber- Seifert dodecahedral space is formed by identifying opposite faces of 
a dodecahedron with a 3/10 twist, and it was one of the first known examples 
of a hyperbolic 3~manifold j20] . For our computations we use a triangulation of 
this manifold with 23 tetrahedra. There are at least three distinct triangulations 
with this number of tetrahedra, and they are the smallest triangulations of the 
Weber-Seifert dodecahedral space known to the authors. 

The setting for this paper is the following. Let M be a closed, orientable, ir- 
reducible 3-manifold with a fixed triangulation T. Work of Jaco and Oertel [llj . 
Tollefson [TH] and Oertel [TB] studies the set of isotopy and projective isotopy classes 
of closed, injective surfaces in M and how they are represented in the projective 
solution space V of normal surface theory. Here, two embedded, 2-sided surfaces 
in M are in the same projective isotopy class if there exist multiples of each which 
are isotopic. 

A natural environment for algorithmic topology on a 3-manifold is a 0-ejficient 
triangulation [13] . A triangulation of a closed 3-manifold is 0-efficient if the only 
normal 2-spheres are the links of the vertices of the triangulation (that is, frontiers 
of small regular neighbourhoods of these vertices). Standard facts about normal 
surfaces are recalled in Section [21 and the only non-standard term that needs to 
be clarified is the following: A surface in M is termed a vertex surface if it is a 
connected, 2-sided normal surface and the ray from the origin through its normal 
coordinate passes through a vertex of V. Both the nomenclature and the definition 
of this concept vary widely in the literature; the present is chosen so that every 
vertex surface is 2-sided and there is a unique vertex surface associated with each 
admissible vertex of V (an admissible vertex has at most one non-zero quadrilateral 
coordinate per tetrahedron). In this terminology, Jaco and Oertel [II^ show that 
M contains an embedded, injective surface if and only if one of the vertex surfaces 
is incompressible. (As usual, a sphere is not incompressible.) 

In Section [5] we prove the following key result regarding vertex surfaces: 
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Theorem 1.2. Suppose that the closed, orientable, irreducible 3-manifold M is 
Haken, and let T be a 0-efficient triangulation of M . Then one of the cases 1 and 2 
holds: 

1. (General case) There are two distinct, incompressible vertex surfaces which are 
compatible. 

2. (Exceptional case) There are at most finitely many projective isotopy classes of 
injective surfaces in M , and at least one of the following holds: 

(a) the manifold M fibres over the circle and there is a unique projective isotopy 
class of injective surfaces — in particular, t:\lH^{M;W} = 1 and the class is 
represented by a fibre; or 

(b) there is a solid torus in M which contains at least three edges ofT and has 
normal boundary. 

Note that, even if there are at most finitely many projective isotopy classes of 
injective surfaces in M , the triangulation may also satisfy the general case. 

The following corollary follows immediately from the above result. It is also a 
consequence of work of Oertel [16] and Tollefson [18], where faces of the projective 
solution space are studied using branched surfaces. 

Corollary 1.3. Let M be a closed, orientable, irreducible 3-manifold, and letT be 
a 0-efficient triangulation of M . If T]iH^{M;M.) > 2, then there are two distinct, 
incompressible vertex surfaces which are compatible. 

In Section |3| we introduce some simple tests that can help identify when a 2- 
sided surface is compressible. These tests are merely heuristic techniques — there 
is no guarantee for any particular surface that they will give a conclusive result, 
nor can they prove a surface to be incompressible. However, these techniques are 
found to be surprisingly effective in practice. Indeed, combined with some human 
intervention and the original algorithm of Jaco and Oertel, they can completely 
resolve the question of whether the Weber-Seifert dodecahedral space is non-Haken 
(Theorem II. ip , as noted at the end of Section |31 

Combining Theorem 11.21 with these heuristic techniques, we obtain the following 
new test to identify whether the given manifold M is non-Haken: 

Test 1.4 (Is M non-Haken?). First check that ik H^{M;R) = 0, since M is oth- 
erwise Haken. Then compute a 0-efficient triangulation and enumerate all vertex 
surfaces. Check that each vertex surface of zero Euler characteristic misses at most 
two edges. If this is not the case, the test is inconclusive. Otherwise, let S — 0. For 
each vertex surface, either determine a compression disc (for instance, using the 
heuristic techniques mentioned above), or add it to the set S. Last, check that no 
two members of S are compatible. If this is the case, M is non-Haken; otherwise 
the test is inconclusive. 

This naive test suffices to prove Theorem 11.11 The projective solution space 
of the chosen triangulation with 23 tetrahedra has 1751 admissible vertices: one 
is represented by a 2-sphere which links the vertex, 24 are represented by tori 
which link the edges, and the remaining 1726 vertices are represented by surfaces 
of negative Euler characteristic. Heuristic pruning finds compressing discs for all 
but 16 oi them, and no two of the remaining surfaces are compatible. The total 
computation time was a little over six hours; details are given in Section H) 
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Other applications of Theorem 1 1.2 1 are given in Section[2j All routines developed 
in this paper are implemented in version 4.6.1 of the open-source software package 
Regma Hi]. 

2. Compatible, injective vertex surfaces 

The original algorithm of Jaco and Oertel [11] to determine whether a manifold 
is Haken requires the enumeration of all vertex surfaces, and for each such surface 
one needs to check whether it is incompressible or not. Deciding incompressibility 
is computationally very expensive, and so this section uses the work of Jaco and 
Oertel to improve on their algorithm. 

2.1. Triangulation. The notation and terminology of TS' will be used in this 
paper. Hence a triangulation T consists of a union of t pairwise disjoint 3-simplices, 
A, a set of face pairings, $, and a natural quotient map p: A — > A/$ = M . 
This is often referred to as a semi-simplicial or singular triangulation since not all 
simplices are necessarily embedded in M. The space A has a natural simplicial 
structure with four vertices for each 3-simplex. The quotient map p is required 
to be injective on the interior of each simplex of each dimension. The image of a 
simplex in A under p is a singular simplex in M. It is customary to refer to the 
image of a 3-simplex as a tetrahedron in M (or of the triangulation) and to refer to 
its faces, edges and vertices with respect to the pre-image. Similarly for images of 
2-, 1-, and 0-simplices, which will be referred to as faces, edges and vertices in M 
(or of the triangulation) respectively. If a singular simplex is contained in dM, then 
it is termed boundary (such as a boundary edge or a boundary face); otherwise it is 
termed internal. Notice that an internal singular simplex need not be disjoint from 
dM. A normal isotopy of M is an isotopy which leaves the image of the interior 
of every simplex in A invariant. The quotient space M is a manifold if the link of 
each vertex in M is a sphere or a disc. 

2.2. Normal surfaces. This terminology again follows [l^. A normal surface 
in the triangulated 3-manifold M meets every tetrahedron in a pairwise disjoint, 
finite union of discs which are normal triangles or normal quadrilaterals. A normal 
surface is hence a properly embedded surface in M. The normal coordinate is a 
point in R^* that records the number of discs of each type in a normal surface. It 
satisfies a system of integral, linear equations, termed the matching equations. The 
set of all solutions with non-negative coordinates to this system is intersected with 
the affine subspace consisting of all points whose coordinates sum to one to give 
the projective solution .space V . This is a (bounded) polytope whose vertices have 
rational coordinates. Given any normal surface, its normal coordinate determines 
a unique point in V. 

A point in R^* is admissible if all of its coordinates are non-negative and at 
most one quadrilateral coordinate from each tetrahedron is non-zero. Each integral 
admissible solution to the matching equations determines a unique normal surface 
and vice versa. Two normal surfaces are said to be compatible if they do not meet 
a tetrahedron in quadrilateral discs of different types. This is the case if and only 
if the sum of their normal coordinates is admissible. 

A surface in M is termed a vertex surface if it is a connected, 2-sided normal 
surface and the ray from the origin through its normal coordinate passes through 
a vertex of V . Any ray from the origin through an admissible vertex of V contains 
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a unique vertex surface. A vertex surface is sometimes termed a vertex normal 
surface or a fundamental edge surface in the literature. It should not be confused 
with a vertex linking surface (which is the boundary of a small neighbourhood of a 
vertex in the triangulation) . 

2.3. 0— efficiency. The triangulation T is 0~efficient if the only normal 2-spheres 
are vertex linking. It is shown in JJ?^ that any triangulation of a closed, orientable, 
irreducible 3-manifold can be modified to a 0-efficient triangulation unless M ~ 
S'3,RP3 or L(3, 1). Moreover, the conversion algorithm is implemented in Regina 
[4] . The algorithm typically takes only marginally longer than the time required to 
enumerate the admissible vertex solutions to the so-called Q-matching equations 
of Tollefson [19] . Detailed time trials can be found in [7] . 

2.4. The work of Jaco and Oertel. Jaco and Oertel [11] give an algorithm 
to decide whether a triangulated manifold is Haken. Surfaces are analysed using 
handle decompositions, but since their arguments are topological, the results carry 
over to triangulations. In this subsection, one of their key results will be re-stated in 
a topological version. This version follows verbatim from the proof of Theorem 2.2 

mm- 

Let M be a closed, irreducible 3-manifold, and Fi and F2 be embedded surfaces 
in general position. Then Fi r\ F2 is a finite union of pairwise disjoint curves. A 
component of Fi n F2 is termed a switch curve. Let 7 be a switch curve. A regular 
neighbourhood A^(7) of 7 is chosen such that N{'-f) n is a regular neighbourhood 
of 7 in Fi for each i. Since N{'y) is either a solid Klein bottle or a solid torus, it 
follows that dN^j) \ {Fi UF2) consists either of two Mobius bands or of four annuli, 
called switch bands or switch annuli respectively. Two switch annuli are said to 
be opposite if they do not share a boundary component. A switch along 7 consists 
of deleting the portion of Fi U F2 inside iV(7) and connecting the free boundary 
components by a switch band or by two opposite switch annuli (depending on 
whether dN{'-f) is a Klein bottle or torus respectively). It follows that there are 
two possible switches along 7. 

Denote by Fi + F2 the surface obtained from Fi U F2 where at each component of 
Fi one of the two possible switches has been chosen. If Fi and F2 are compatible 
normal surfaces with respect to a handle decomposition or a triangulation, then 
there is a natural choice at each switch curve, called a regular switch, such that 
^1 + F2 is again a normal surface. 

The surface F = Fi + F2 is said to be in reduced form if it cannot be written as 
F = F{ + F2, where -F!/ is isotopic to Fi in M and F{ n has fewer components 
than Fi H F2. It should be noted that in these two sums, the embedding of F in 
M is the same (these are not equalities up to isotopy), and that any sum can be 
changed to a sum in reduced form. 

We will also denote by Fi +^ F2 the surface obtained from Fi U F2 by choosing 
the same switches as for Fi + F2 except for the curve 7, where the other switch 
possibility is chosen. 

Theorem 2.1 (Jaco-Oertel). Let M he a closed, irreducible 3~manifold and F be 
an embedded, 2-sided and incompressible surface. If F = Fi + F2 is in reduced 
form, then either 

(1) Fi and F2 are incompressible, or 
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(2) there exists 7 € -Fi ni^2 such that the surface Fi +j F2 has two components, 
F' and T , with the property that T is a torus which hounds a solid torus in 
M and has longitude isotopic to 7, and F' is isotopic to F via an isotopy 
which fixes the complement of a neighbourhood of the union of the solid 
torus and N{^). Moreover, T — AU A' , where A' is a switch annulus not 
contained in F and A is an annulus contained in F. 

The second possibility is illustrated in Figures 6 and 8 of [11]. Under the ad- 
ditional assumption that F is a normal surface of least weight (with respect to a 
triangulation or handle decomposition), one sees that the second alternative is not 
possible and concludes that the summands are incompressible. Under these cir- 
cumstances, one can also omit the hypothesis that the surface be in reduced form. 
This is the result stated in [11 . 

2.5. Proof of Theorem 11.21 Since M is Haken, the 0-efficient triangulation T 
has a single vertex, v. Suppose S* is a connected, injective surface in M. By 
possibly replacing S with the boundary of a regular neighbourhood of S, one may 
assume that 5* is a 2-sided, geometrically incompressible surface. Recall that the 
weight of an embedded surface in M which is in general position with respect to 
the triangulation is the cardinality of its intersection with the 1-skeleton, written 
wt(F) = I FnT^^-* |. After performing an isotopy, one may also assume that 5 is a 
normal surface of least weight in its isotopy class. If S is not a vertex surface then, 
as in [TTl Corollary 3.4], it follows from Theorem 12 . 1 1 that there are two compatible, 
injective vertex solutions. Since V has finitely many vertices, it follows that if there 
are infinitely many projective isotopy classes of injective surfaces in M, then there 
are two compatible, injective vertex solutions. This is the general case (Case 1) of 
the theorem and it remains to show that otherwise we are in the exceptional case 
(Case 2a or 2b). 

Hence suppose that there are at most finitely many projective isotopy classes of 
injective surfaces in M and that 5 is a vertex surface. We first produce a second 
normal surface isotopic but not normally isotopic to S by performing a finger move. 
That is, we push a portion of the surface along an edge and across the vertex in a 
controlled fashion. The details are as follows. 

Let e be an edge of the triangulation. An intersection point p £ Sfle is outermost 
if one of the two components of e \ {p, v} does not contain any other intersection 
points. Since S is not a vertex linking sphere, it follows that there is an edge eg 
having an outermost point po ^ S Ci bq which is incident with a quadrilateral disc 
in S. Orient cq such that travelling from po in the positive direction to v, one does 
not meet S. Since S is 2-sided, give S a transverse orientation which agrees at po 
with the orientation of cq. Let A^(eo) be a small regular neighbourhood of cq. Since 
M is orientable, this is a torus, and S fl iV(eo) consists of meridian discs since S is 
normal. Denote by D the connected component of 5* H iV(eo) passing through pq. 
We now perform an isotopy of S which fixes S \ D and moves pq along cq in the 
positive direction just past v. The resulting surface. Si, will not be normal and can 
be chosen such that 

wt(5i) = wt{S) + 2{E -I), 

where E is the number of edges of the triangulation. Now push 5*1 slightly off S 
in the positive direction wherever they agree, giving a surface S2 which is disjoint 
from S and has the same weight as 5*1. 
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Since no face in the triangulation is a cone |13j or a dunce hat [12) . and S 
is pushed in the direction of the oriented edge eo, it fohows from analysing the 
resuhing isotopy of a quadrilateral disc in S meeting pq, that there is at least one 
face of the triangulation which S2 meets in a return arc. Since S2 is incompressible, 
it can be normalised by isotopies giving a normal surface S3 which satisfies: 



Note that S3 is disjoint from S, since S acts as a barrier surface for the normalisation 
of S2- If 5*3 is normally isotopic to S, then there is a product region between the two 
surfaces which does not contain the unique vertex of the triangulation. However, 
there also is a product region between S3 and S containing the vertex which arises 
from the first isotopy. It follows that M fibres over the circle with fibre S. If every 
connected, injective surface in M is the fibre in some fibration over the circle then 
there is a unique projective isotopy class of injective surfaces in M (since we assume 
that there are at most finitely many). This is the first exceptional case stated in 
the theorem. Case 2a. 

Hence assume that S is not a fibre in a fibration of M over the circle, which 
means that S3 is not normally isotopic to S. If £"3 is a vertex surface we have the 
general case of the theorem. Note also that, by our assumption that S is least 
weight in its isotopy class, it follows that wt(53) > wt(S'). If wt(S'3) — wt(S'), then 
we can apply [11] to conclude that either 5*3 is a vertex surface or S3 is a sum of 
vertex surfaces which are all incompressible. In the latter case, each of the vertex 
surfaces is compatible with S and they cannot all be copies of S and so we again 
have the general case of the theorem. 

Hence suppose that wt(S'3) > wt(S'), and that S3 is not a vertex surface. We 
may further assume that S3 has minimal weight amongst all normal surfaces that 
are disjoint from S and are isotopic to S but not normally isotopic to S. Since S3 
is not a vertex surface, there is a positive integer n and there are vertex surfaces 
Vi and positive integers n^, such that 



where mF signifies m pairwise disjoint, parallel copies of F (each normally isotopic 
to F), and the sum uses the usual regular switches with respect to the triangulation. 
Since 5*3 is compatible with S, each Vi is compatible with S. Moreover, at least 
one Vi is not normally isotopic to S since otherwise nS'3 is isotopic to (^ ni)S. We 
can therefore write 



where y is a vertex surface distinct from but compatible with S. There are normal 
surfaces V and W (isotopic in AI to V and W respectively), such that nS'3 = 

V + W in reduced form. 

According to Theorem 12. !( we have two cases to consider. In the first case, V 
(and hence V) is incompressible, and therefore S and V are two distinct compatible, 
injective, vertex surfaces. This is the general case of the theorem. 

In the second case, following [11], there exists 7 e y n W such that the surface 

V +^ W is the disjoint union of two surfaces, one of which is isotopic to nS'3 and 
the other is a compressible torus T. Since the switch curve 7 is 2-sided in V' and 
W, it follows that V +j W has (n — 1) components which are normally isotopic 



wt(S'3) < wt(S') + 2(£;~2). 




nS3 = V + W, 
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copies of 5*3. In addition, there is the torus T and a component X which is isotopic 
to 5*3. The latter normahses to give a surface S'4. 

If S'4 is disjoint from S, then it must be normaUy isotopic to S since its weight is 
strictly less than the weight of S'3 . This gives an isotopy from ^3 to S which must 
pass through the vertex since otherwise M is a bundle. It follows that the vertex 
is contained in the solid torus bounded by T . Considering weight, we have: 

nwt(S'3) > (n- l)wt(S'3) + wt(S') + wt(T), 

whence 

wt(S') + 2{E - 2) > wt(S'3) > wt(S') + wt(r), 

giving 

2{E-2) > wt(T). 

Since T is separating, it must meet each edge an even number of times, whence the 
solid torus bounded by it contains at least three edges. The boundary of a regular 
neighbourhood of one of the edges is an embedded torus and a barrier surface (see 
[13]). Since M is irreducible, the process of normalising T in the complement of this 
torus shows that T either shrinks to a normal surface using isotopies or it shrinks 
to a 2-sphere embedded in a tetrahedron using isotopies and a single compression. 
In the latter case, M is a lens space, contradicting the fact that it is Haken. Since 
normalisation does not increase the weight, we have the second exceptional case. 
Case 2b, stated in the theorem. 

It remains to analyse the possibility that S'4 is not disjoint from S. In this case, 
X cannot be disjoint from S since otherwise S is a barrier for the normalisation 
of X to S4. But if S" n X 7^ 0, then S meets a neighbourhood of the union of the 
solid torus bounded by T and N^j) in a union of annuli and can be isotoped to be 
disjoint from this and X. (See Figure 8 of [11] for an illustration of the isotopy.) 
This would reduce the weight of S, which is a contradiction. Therefore S does not 
meet X and hence does not meet S'4. This concludes the proof of the theorem. □ 

2.6. Applications of Theorem 11.21 Throughout this subsection, M denotes a 
closed, orientable, irreducible 3-manifold with fixed O-efficient triangulation T. 

Definition 2.2 (Large normal torus). A normal torus disjoint from at least three 
edges will be termed a large normal torus. 

For instance, the boundary of a regular neighbourhood of a layered solid torus 
subcomplex in M shrinks to a large normal torus unless M is a lens space (see, for 
instance, [S] [12] for a definition of this subcomplex). Such a subcomplex appears 
in the natural triangulations of Dehn fillings of knot complements. Large normal 
tori therefore occur in many natural triangulations of both Haken and non-Haken 
manifolds. 

Algorithm 2.3 (Large normal torus recognition). To check whether there is a large 
normal torus in M , it is necessary and sufficient to verify that each vertex surface 
of Euler characteristic zero is disjoint from at most two edges. 

This algorithm follows immediately from the fact that (i) edge weights and Euler 
characteristic are additive, and (ii) the only normal 2-spheres are vertex linking and 
hence can be made disjoint from any other normal surface. 

If M is atoroidal and T is O-efficient, then every normal torus bounds a solid 
torus [12]. It follows that in this case. Algorithm 12.31 can be used to decide whether 
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there is a solid torus in M which contains at least three edges and has normal 
boundary. In the general case, Algorithm 12.31 only helps in certain cases to identify 
when such a solid torus does not exist. 

This is also the philosophy in the tests below. Whilst in theory, there are al- 
gorithms to determine whether a given manifold is non-Haken or a tiny bundle, 
they often turn out to be impractically slow. Below are some simple tests that 
allow an answer in a feasible amount of time, even though they may not always be 
conclusive. We begin with the new non-Haken test described in the introduction. 

Test 1.4 (Is M non-Haken?). First check that rk iJ^(M;M) = 0, since M is other- 
wise Haken. Then enumerate all vertex surfaces. Use Alaorithm \2.3\ to check that 
there is no large normal torus. If there is a large normal torus, the test is inconclu- 
sive. Otherwise, letS — For each vertex surface, either determine a compression 
disc (for instance, using the heuristic techniques described in Section\3j), or add it 
to the set S. Last, check that no two members of S are compatible. If this is the 
case, then M is non-Haken; otherwise the test is inconclusive. 

Several routines are described in Section [3] that search for compression discs that 
are computationally easy to find. These routines are often sufficient to keep the 
list S relatively short. There are, however, many classes of triangulated non-Haken 
manifolds which the above approach will not recognise as non-Haken. For instance, 
if the triangulation contains a layered solid torus subcomplex, then there is a large 
normal torus as noted earlier. 

Definition 2.4 (Tiny bundle). The closed, orientable, irreducible 3-manifold M 
is a tiny bundle if M fibres over the circle and there is a unique projective isotopy 
class of injective surfaces in M . 

Test 2.5 (Is M a tiny bundle?). The computational steps are as in Test \1.4\ except 
that one first checks that rk_ff^(Af;R) = 1. 

Test 2.6 (Is there a finite number of projective isotopy classes?). First show that 
M is Haken. Then enumerate all vertex surfaces. Let 5 = 0. For each vertex 
surface, either determine a compression disc, or add it to the set S . Last, check 
that no two members of S are compatible. If this is the case, then there are at most 
finitely many projective isotopy classes of injective surfaces; otherwise the test is 
inconclusive. 

3. Heuristic pruning 

In this section we introduce some simple tests that can help identify when an 
embedded surface within a closed 3-manifold is compressible. These are merely 
heuristic techniques — there is no guarantee for any particular surface that they will 
give a conclusive result. Moreover, they work in one direction only — they can never 
show a surface to be incompressible. 

With these tests, we are able to take a list of potential incompressible surfaces 
(such as the vertex normal surfaces within a triangulation) and filter out irrelevant 
surfaces from this list. This leaves us fewer surfaces on which we must run more 
expensive procedures, such as the conclusive but extremely slow incompressibility 
algorithm of Jaco and Oertel [llj . 

The key idea behind these heuristic tests is to search within a bounded 3- 
manifold triangulation for embedded discs with simple combinatorial structures. 
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Figure 1. Cutting along a face with three boundary edges 



Lemmata 13. II and 13.21 describe these structures, and Algorithm 13.41 shows how they 
can be used effectively to test for compressibility. Although these tests are simple 
in theory, we see in Section |4] of this paper that they can be surprisingly effective 
in practice. 

Lemma 3.1. Let T be a triangulation of a bounded 3~manifold M (that is, a 
compact 3-manifold with non-empty boundary). Let F be a non-boundary face of 
T, and suppose that all three edges of F lie entirely within the boundary dM , as 
illustrated in the leftmost diagram of Figure]^ Note that neither the edges of F nor 
the vertices of F are required to be distinct. 

Suppose that we "unglue" the two tetrahedra on either side of F (that is, we re- 
move the corresponding pair of tetrahedron faces from the list of face identifications 
that make up T), as illustrated in the rightmost diagram of Figure [7J Then the 
result is a new triangulation T' of some 3-manifold M' , which is homeomorphic to 
M sliced along a properly embedded disc. 

Note that we do not describe this operation as "slicing T along the face F" , since 
F might have self-intersections and therefore might not be embedded. However, 
whether or not F is embedded, the act of ungluing the two tetrahedra on either 
side of F is well-defined and simple to perform. Proving that self-intersections of 
F do not matter is in fact the main point of this lemma. 

Proof. If the edges and vertices of F are all distinct, then this result is straightfor- 
ward — the face F forms a properly embedded disc in A/, and the new triangulation 
T' is just M sliced along this disc. 

Consider then the case where different edges and/or vertices of F are identified. 
We first prove that T' is indeed a 3-manifold triangulation, and then we show that 
the corresponding manifold M' has the required property. 

The only situations in which T' might not be a 3-manifold triangulation are 
(i) where some edge of T' is identified with itself in reverse, and (ii) where some 
vertex of T' does not have a small closed neighbourhood that is a 3-ball. 

The first situation is easily eliminated, since ungluing the tetrahedra on either 
side of F cannot create any new edge identifications (though it can remove them) . 
Consider then some vertex V of the face F in 7", and let nbd(y) be a small closed 
neighbourhood of V . Since the edges and vertices of F all lie on the boundary dM , 
the neighbourhood nbd(y) must be a 3~ball with V on its boundary, as illustrated 
in the leftmost diagram of Figure [2J 

Now consider what happens when we unglue the tetrahedra on either side of F . 
The intersection F n nbd(F) consists of up to three "triangular" discs in nbd(y) 
(one for each corner of F that meets V). Note that these discs might be joined along 
sections of their boundaries (corresponding to edges of F) to form larger discs or 
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nhd{V) F n nbd(V) 



Figure 2 . The ungluing operation in the vicinity of a vertex of F 




Fnnbd(l/) 

Figure 3. A "bad" hole where V has no 3-baU neighbourhood 

even branched structures. Examples of such discs are shown in the centre diagram 
of Figure [2j 

The interiors of these individual triangular discs are disjoint and embedded in 
int(nbd(y)), and the boundaries of these discs lie in the boundary (9nbd(y). Al- 
though the disc boundaries might intersect on dM (as a result of identifications 
between edges of -F), they can never intersect in int(M) — in other words, the por- 
tions of the disc boundaries within int(M) are also disjoint and embedded. 

We find that, when we unglue the tetrahedra on either side of F, we effectively 
shce nbd(y) along these discs, as illustrated in the rightmost diagram of Figure [2] 
This divides nbd(y) into several smaller 3-balls, splitting V into several different 
vertices as a consequence. Note that any disc edges that are pinched together on 
dM will fall apart, since only the face F was holding them together (this happens 
with the rightmost disc in Figure [2]). 

Because of the well-behaved manner in which these discs are placed within 
nbd(l/), we see that every resulting vertex of T' has a small closed neighbourhood 
that is a 3-ball (that is, no "bad" holes have been cut out of nbd(y) as illustrated 
in Figure [3]). Therefore T' is indeed a 3-manifold triangulation, and we denote 
the corresponding 3-manifold by M' . Figure |4] illustrates the entire transformation 
from T to T' in the case where all three vertices of F are identified (here the single 
vertex V ml' splits into four vertices in T'). 

Now that we know that T' is indeed a triangulation of the 3-manifold M', the 
remainder of the lemma is straightforward to prove. Define N to be the 3-manifold 
obtained by removing a small open neighbourhood of the boundary dM from M . 
Likewise, let TV' be obtained by removing a small open neighbourhood of dM' from 
M' . It is clear that FnN is a properly embedded disc in N, and that the 3-manifold 
N' is obtained by slicing N along this disc. Since M and M' are homeomorphic to 
N' and TV' respectively, it follows that M' is obtained by slicing along a properly 
embedded disc in M. □ 
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Figure 4. Cutting along a face whose vertices are all identified 




Figure 5. Cutting along a disc surrounding an edge of degree one 

Lemma 3.2. Let T be a triangulation of a hounded 3-manifold M. Let e be a 
non-boundary edge in T of degree one, let A be the (unique) tetrahedron containing 
e, and suppose that the edge opposite e in A lies entirely within the boundary dM , 
as illustrated in the leftmost diagram of Figure \5\ 

Suppose we replace A with two tetrahedra Ai and A2, each with two faces folded 
together to form an edge of degree one, as illustrated in the rightmost diagram of 
Figure [5l Of the two portions of T that were originally joined to A along the 
shaded faces, we join one of these portions to Ai and the other to A2. We leave 
the remaining faces of Ai and A2 as boundary faces. 

Then the result is a new triangulation T' of some 3-manifold M' , which is 
homeomorphic to M sliced along a properly embedded disc. 

Proof. In contrast to the previous result, this lemma contains no unusual cases. 
The edge opposite e in A always bounds a properly embedded disc in M (running 
directly through the centre of the tetrahedron A), and so T' triangulates a 3- 
manifold M' that is obtained by slicing along this disc. □ 

In order to take full advantage of Lemmata 13.11 and 13.21 it helps to have as 
many faces and edges of a triangulation exposed to the boundary as possible. The 
following operation assists us in this regard. 

Lemma 3.3. Let T be a triangulation of a bounded 3-manifold M . Let F be a 
non-boundary face of T , and supposed that precisely two of the three edges of F lie 
within the boundary dM , as illustrated in the leftmost diagram of Figure Once 
again, neither the edges nor the vertices of F are required to be distinct. 

Suppose that we unglue the two tetrahedra on either side of F , exposing these 
tetrahedra to the boundary as illustrated in the rightmost diagram of Figure\^ Then 
the result is a new triangulation T' of the same 3-manifold M . 

We refer to this operation as a book opening move. 

Proof. The proof is almost identical to Lemma lXTl and we do not repeat the details. 
The only differences are: 
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Figure 6. Performing a book opening move 




F n ribd(V) 

Figure 7. New types of discs in the intersection F n nbd(T^) 

• Instead of slicing the manifold M along a properly embedded disc, we slice 
it along a "half-properly embedded" disc. By this, we mean an embedded 
disc whose boundary consists of (i) an arc in 9M, and (ii) an arc in int(Af). 
Slicing along such a disc will never change the underlying manifold M . 

• When we examine the neighbourhood of a vertex V , the intersection F n 
nbd(t^) can include new types of discs that are "half-properly embedded" 
in nbd(V^), as illustrated in Figure [T) Such discs are harmless however, and 
do not change the key fact that the resulting vertices in T' all have 3-ball 
neighbourhoods. 

We refer to the proof of Lemma [3. II for the full details. □ 

We can now pull together all of these operations to build a heuristic algorithm 
for detecting compressible surfaces. 

Algorithm 3.4 (Heuristic Pruning). Let T he a triangulation of the closed 3- 
manifold M , and let S he an emhedded surface in T. We can potentially show that 
S is a compressihle surface through the following procedure: 

(1) Cut the triangulation T along the surface S , and retriangulate the resulting 
hounded 3-manifold M' (which may he disconnected). Let T' denote this 
new hounded triangulation, let j3 denote the numher of houndary compo- 
nents, and let a denote the numher of houndary spheres (so a < jS). 

(2) Perform local simplification moves on T' to reduce the numher of tetrahedra 
(such as Pachner moves [17j or houndary shellings). There is no need to 
produce a minimal triangulation; it suffices to reach a point where there are 
no further immediate simplifications that can he done. 

(3) Perform hook opening moves on T' as descrihed hy Lemma \3.S\ until no 
more can he done. 

(4) Search for all locations within T' at which the preconditions of Lemmata \3.1\ 
and \3.^ are satisfied. That is, search for internal faces whose edges are all 
houndary, and search for internal degree one edges whose opposite edges are 
houndary. 
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(5) For each such location, temporarily perform the corresponding operation 
upon T' that slices M' along a properly embedded disc. 

If any of the sliced triangulations obtained in step\^still has l3 boundary components 
or still has a boundary spheres, then the original surface S is compressible in M . 

Proof. Given Lemmata I3.1H3.3[ the only part of this algorithm that remains to be 
proven is the final claim that, if some sliced triangulation from step [5] has either j3 
boundary components or a boundary spheres, then S is compressible in M. 

Let D be the properly embedded disc in M' that we slice along in step [S] If I? 
is not a compressing disc for S then dD bounds a disc in dM' , whereupon slicing 
along D' produces a new 2-sphere boundary component but otherwise leaves all 
existing boundary components unchanged. That is, we obtain /3 + 1 boundary 
components, u + 1 of which are 2-spheres. 

Note that a compressing disc can produce a new boundary sphere without a 
new boundary component (for instance, slicing along the meridional disc of a solid 
torus), or a new boundary component without a new boundary sphere (for instance, 
slicing along a separating disc with non-trivial topology on each side) . This is why 
we must count both boundary spheres and boundary components in order to detect 
compressing discs. □ 

We finish this section with some notes regarding both the structure and imple- 
mentation of Algorithm 13.41 

• The reason for steps [5] and |3] is to increase our chances of meeting the 
preconditions of Lemmata l3.ll and l3.2l In particular, simplifying the trian- 
gulation increases our chances of finding a region of T' that is only "one 
tetrahedron thick" , and book opening moves help expose more edges and 
vertices to the boundary. 

• The precise local simplification moves of step [5] are left up to the reader. 
Many moves of this type are documented in the literature (particularly by 
authors involved in census enumeration); see [3l[T4] for some examples. 

The moves that we use in the following section with the Weber-Seifert 
dodecahedral space include Pachner moves (also called bistellar moves [TT]). 
collapsing edges between distinct vertices, removing tetrahedra through 
boundary shellings, simplifying triangulations in the vicinity of low-degree 
edges and vertices, and the book opening move and its inverse (the hook 
closing move). 

• Step [U in which we cut along the surface S in the triangulation 7", causes 
a number of difficulties. The most severe problem is that it can generate a 
very large number of tetrahedra — in the case of the Weber-Seifert dodeca- 
hedral space, we frequently find tetrahedra numbering in the thousands. It 
is therefore critical to have a simplification procedure that is both fast and 
effective. 

Moreover, cutting along a surface is messy for a programmer to im- 
plement, since tetrahedra can be subdivided into many different pieces of 
up to 11 distinct shapes (see Figure E] for some examples). Each of these 
shapes must be individually retriangulated (typically by the programmer as 
she implements the routine), and the code must then be able to automat- 
ically adjust the triangulations of these pieces so that the quadrilaterals, 
pentagons and hexagons on their boundaries can be glued together. 
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Figure 8. Sample pieces obtained by cutting along a normal surface 



We can make this cutting operation simpler if we first remove a small 
neighbourhood of each vertex of the original triangulation. This reduces 
the number of different shapes from 11 to 4, which is significantly easier for 
a programmer to manage. The boundaries of these pieces are also simpler 
to handle, with only quadrilaterals and hexagons to worry about. Of course 
we must not forget to glue the missing 3-balls back onto the boundary of 
the new triangulation once we are finished. 

4. The Weber-Seifert dodecahedral space 

To conclude this paper, we apply the new Test ll.4l to resolve an outstanding con- 
jecture of Thurston. The Weber-Seifert dodecahedral space is formed by identifying 
opposite faces of a dodecahedron with a 3/10 twist, and was one of the first known 
examples of a hyperbolic 3-manifold 20 . It was conjectured by Thurston that the 
Weber-Seifert dodecahedral space is non-Haken [T], and here we prove this to be 
true. 

By building on Haken's earlier work, Jaco and Oertel gave an algorithm in 1984 
to determine whether a given 3-manifold M has the Haken property jTT]. This 
algorithm has since been improved by other authors [TUl HH], though the basic 
framework remains the same: 

(1) Enumerate all vertex surfaces in some triangulation T of M. 

(2) For each vertex surface S C M, test whether S is incompressible: 

(i) Cut M along the surface S and retriangulate. 

(ii) For each component T' of the resulting triangulation, enumerate all 
fundamental normal surfaces in T' and test whether any of these is a 
compressing disc. 

As noted in the introduction, all normal surfaces considered here are embedded. In 
particular, we do not consider the more general case of immersed and/or singular 
surfaces within T. 

In theory, proving the Weber-Seifert dodecahedral space to be non-Haken should 
be a simple matter of running the Jaco-Oertel algorithm. However, this algorithm 
is extremely slow in practice. If t is the number of tetrahedra in T, then step [T] can 
grow exponentially slow in t and produce exponentially many surfaces, and each 
triangulation T' in step [2] can contain exponentially many tetrahedra. Even worse, 
each enumeration in steplHii) can grow exponentially slow in the size of T', which 
becomes doubly exponential in t. For these reasons, the Jaco-Oertel algorithm has 
to date never been successfully applied to the Weber-Seifert dodecahedral space. 

Our proof begins in the same manner as step [T] of the Jaco-Oertel algorithm — 
we triangulate the Weber-Seifert dodecahedral space, and then obtain a list of all 
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Table 1 . The pairwise identifications of tetraliedron faces in the 
triangulation 7ws 
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vertex surfaces with the help of recent developments in normal surface enumeration 
algorithms (5] [7]. However, the doubly exponential enumeration of step [2] remains 
out of our reach, and so instead we use Theorem II .21 and heuristic pruning to show 
that each of the surfaces in our list has a compressing disc. 

All of the computation in this proof was carried out using the open-source soft- 
ware package Regina [51 3] . The supporting data for this proof (including the rele- 
vant triangulations and normal surfaces) is contained in the file weber-seif ert . rga, 
which readers can download from the Regina website at |5ttp : //regina. sourceforge .net/data .html 

Definition 4.1. Let 7ws denote the 23-tetrahedron triangulation described in 
Table [1] which lists the pairwise identifications between the 4 x 23 faces of 23 
individual tetrahedra. Here the tetrahedra are labelled A, . . . ,W and the vertices 
of each tetrahedron are numbered 1, . . . , 4. 

Alternatively, we can describe 7ws using the dehydration notation of Callahan, 
Hildebrand and Weeks. The dehydration string of 7ws is 

xppphocgaeaaahimmnkont spmuuqrsvuwtvwwxw j j s vvcxx j j qattdwworrko, 

from which we can recover the full structure of Tws using the the rehydration 
procedure described in [5]. 

To read Table [U each row gives the face identifications for a single tetrahedron, 
and each column indicates one of the four faces. For instance, the cell in the bottom 
left corner indicates that face 123 of tetrahedron L is identified with face 214 of 
tetrahedron U (with vertices 1, 2 and 3 of L identified with vertices 2, 1 and 4 of 
U respectively). 

Lemma 4.2. 7ws a triangulation of the Weber-Seifert dodecahedral space. 

Proof. The triangulation 7ws can be constructed as follows: 

(1) Build a regular dodecahedron by joining together twelve pentagonal cones, 
with the twelve apexes meeting at the centre of the dodecahedron and the 
twelve pentagonal bases forming the boundary of the dodecahedron. 

(2) Triangulate each pentagonal cone with five tetrahedra, as illustrated in 
Figure M 
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Figure 9. A pentagonal cone triangulated with five tetrahedra 





Figure 10. Moves to simplify the triangulation Tws 



(3) Identify opposite faces of the dodecahedron with a 3/10 twist, giving a 
closed 3-manifold triangulation with 60 tetrahedra. 

(4) Simplify this triangulation by first collapsing edges between distinct ver- 
tices, and then applying 3-2 Pachner moves (also called bistellar moves 
[17]). These operations are illustrated in Figure fTOl 

It is clear from this construction that Tws triangulates the Weber-Seifert dodeca- 
hedral space as claimed. □ 

In fact, we conjecture that Tws is a minimal triangulation of the Weber-Seifert 
dodecahedral space, i.e., that the space cannot be triangulated with 22 tetrahedra 
or fewer. It should be noted that Tws is not the only 23-tetrahedron triangulation 
of the Weber-Seifert dodecahedral space; through a repeated application of 2-3 
and 3-2 Pachner moves we can obtain at least two distinci0 alternatives, with the 



By distinct, we mean that one triangulation cannot be obtained from another simply by 
relabelling tetrahedra and their vertices. 



18 BENJAMIN A. BURTON, J. HYAM RUBINSTEIN, AND STEPHAN TILLMANN 

Table 2. Counting vertex surfaces according to genus 
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following dehydration strings: 

xppphjgbgaaaaginnlsnmupurtqsqurwwvvwvmwf cvuvkekaldmphextbvwf w 

(4.1) 

xppf pnkalaaaamkionrmtnpoqrsutsqwuvvwwxdwvgtvqkpwxpxalnjcrkf ns 

Now that we are equipped with a triangulation, we embark on the first step of 
the Jaco-Oertel algorithm — the enumeration of vertex surfaces. At the core of this 
enumeration is a linear programming problem that takes place in a vector space of 
dimension It = 161 (where t = 23 is the number of tetrahedra in 7ws)- 

A direct enumeration in R^^^ remains out of our reach computationally, and so 
we take an indirect approach instead. ToUefson [H] describes a smaller vector space 
of dimension 3^, in which we consider only the quadrilateral discs in each normal 
surface. We refer to this smaller vector space R'^* as quadrilateral coordinates, and 
in contrast we refer to the original R^* as used by Haken and then Jaco and Oertel 
as standard coordinates. 

Our plan is (i) to enumerate all vertex surfaces in quadrilateral coordinates, 
and then (ii) to convert this result into a list of all vertex surfaces in standard 
coordinates. Note that the latter step is not just a matter of changing between 
coordinate systems, since the "vertex surface" property is not preserved between 
coordinate systems — instead we must apply the complex (though extremely fast) 
conversion procedure described in [5j . 

In fact, step (ii) is not necessary for the Jaco-Oertel algorithm, since Tollefson 
proves that some 2-sided incompressible surface must appear as a vertex surface 
in quadrilateral coordinates, if such a surface exists at all. However, because our 
proof relies on Theorem 11.21 we must work in standard coordinates. For us then, 
quadrilateral coordinates are simply a means to an end. 

By running the streamlined normal surface enumeration algorithm described in 
[7] , we obtain the following result through direct computation (recalling that vertex 
surfaces are defined here to be 2-sided and connected): 

Lemma 4.3. The triangulation 7ws has 698 vertex surfaces in quadrilateral coor- 
dinates. The genera of these surfaces are distributed according to the first row of 
Table\E 

The computation required to prove Lemma 14.31 is not trivial — on a 2.4 GHz In- 
tel Core 2 CPU, the enumeration takes a little under 5^ hours. Without recent 
improvements to the normal surface enumeration algorithm [7], this computation 
could take orders of magnitude longer, and without ToUcfson's quadrilateral coor- 
dinates it would remain completely infeasible. 
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Table 3. The 16 vertex surfaces that remain after heuristic pruning 



Genus 
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Total 
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Although Table [2] only lists the genus of each surface, complete descriptions of all 
698 surfaces can be found in the file |weber-seif ert .rga} as noted at the beginning 
of this section. 

We now make our move into standard coordinates. By running the 698 surfaces 
of Lemma [331 through the quadrilateral-to-standard conversion algorithm described 
in [5], we obtain the following result: 

Lemma 4.4. The triangulation Tws has 1751 vertex surfaces in standard coordi- 
nates. The genera of these surfaces are distributed according to the second row of 
Table\M 

In contrast to the full enumeration in quadrilateral coordinates, the conversion 
algorithm of 5 is extremely fast, taking just over 1 second on the same 2.4 GHz 
Intel Core 2 CPU. As before, complete descriptions of all 1751 surfaces can be 
downloaded in the file weber-seif ert . rga. 

We pause here to make some observations about the low-genus surfaces in our 
list. By examining the individual normal discs that make up the spheres and tori 
in Table [21 we obtain the following result: 

Lemma 4.5. The only vertex normal sphere in 7ws the frontier of a small 
regular neighbourhood of the single vertex of Tws- Likewise, the only vertex normal 
tori in Tws the frontiers of small regular neighbourhoods of the 24 edges of Tws- 

Using the nomenclature of Jaco and Rubinstein [13], these surfaces are called 
vertex links and thin edge links respectively, and the triangulation Tws is both 
0~efficient and 1-efficient as a result. 

Now that we have a full list of vertex surfaces at our disposal, we can bring in 
the techniques of Theorem ll.2l and heuristic pruning to prove our final result. 

Theorem 1.1. The Weber-Seifert dodecahedral space is non-Haken. 

Proof. Suppose the Weber-Seifert dodecahedral space does contain a 2-sided incom- 
pressible surface. Cases 2a and 2b of Theorem 11.21 are easily eliminated through a 
homology computation and Lemma 14.51 and so it follows from Theorem 11.21 that 
there must be two distinct, compatible, incompressible vertex surfaces 81,82 in 
Tws- We therefore run through our list of 1751 vertex surfaces in search of such a 
pair 81,82- 

We can eliminate the vertex linking sphere and the 24 vertex linking tori imme- 
diately. Running Algorithm 13.41 over the 1726 remaining surfaces shows that 1710 
of these contain a compressing disc. That is, heuristic pruning eliminates all but 
16 of these vertex surfaces. Those surfaces that remain are summarised in Table [31 
(once again, see weber-seif ert. rga for their full descriptions). 

It follows that, if they exist at all, the surfaces 81 and iS'2 must belong to this 
smaller list. However, comparing quadrilateral types for all (2^) pairs shows that 
no two of these surfaces are compatible, and so by Theorem 11.21 the Weber-Seifert 
dodecahedral space cannot be Haken. □ 
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We finish with a handful of observations regarding the different elements used 
the proof of Theorem 11.11 

• It is mentioned earlier that the number of vertex surfaces can grow expo- 
nentially in the number of tetrahedra t. The best theoretical bounds known 
to date are based on the upper bound theorem of McMullen [TS] , yielding 
theoretical limits of 0(4*) in quadrilateral coordinates and 0(15*) in stan- 
dard coordinates [7]. It is therefore surprising in our case with t = 23 to 
find just 698 and 1751 vertex surfaces respectively. Such discrepancies be- 
tween theory and practice are common, and are discussed in greater detail 
in the paper [6]. 

• We can recall from Section [3] that heuristic pruning involves two distinct 
tests: one for internal faces with three boundary edges (Lemma 13. ip and 
one for discs surrounding edges of degree one (Lemma 13.21) . It is worth 
comparing the relative effectiveness of these tests. 

Of the 1726 vertex surfaces upon which we attempt heuristic pruning, 
1695 can be eliminated using Lemma 13.11 but only 88 can be eliminated 
through Lemma [?721 These are success rates of approximately 98% and 5% 
respectively. It appears therefore that testing for faces with three boundary 
edges is significantly more powerful in practice. 

• ToUefson proves that quadrilateral coordinates are sufficient for running the 
original Jaco-Oertel algorithm ^9\, whereas in this paper we use standard 
coordinates instead. It is worth noting that this choice does not lead to any 
significant loss of efficiency or power: 

— Assuming that we already have a list of vertex surfaces in quadrilat- 
eral coordinates, creating a list of vertex surfaces using the conversion 
algorithm of [5] is extremely fast, taking only a matter of seconds of 
processing time. 

— Although we have more surfaces to deal with in standard coordinates 
(1751 instead of 698), heuristic pruning eliminates these differences 
entirely. That is, applying heuristic pruning to the vertex surfaces in 
quadrilateral coordinates leaves us with precisely the same 16 surfaces 
that we describe in Table [3l Similar behaviour is seen when working 
with the alternate triangulations described by (j4.ip . 

• Although the triangulation 7ws was chosen arbitrarily, in hindsight this was 
a fortuitous choice. If we attempt to apply the method used in Theorem ll.il 
to either of the alternative triangulations described by (j4.1|) . we do not 
arrive at a conclusive proof. 

Specifically, if we (i) eliminate vertex and thin edge links, (ii) eliminate 
surfaces through heuristic pruning, and then (iii) eliminate surfaces without 
compatible partners according to Theorem II. 2[ some surfaces still remain. 
For the first alternative we are left with one compatible pair of genus 7 
surfaces, and for the second alternative we are left with three compatible 
pairs of genus 7 surfaces. All of these leftover surfaces are vertex surfaces 
in both standard and quadrilateral coordinates. They can eventually be 
eliminated, but only with additional manipulation of the corresponding 
bounded triangulations. 

• It is interesting to compare the relative power and efficiency of Theorem 
11.21 and heuristic pruning as individual techniques. Ignoring the vertex link 
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and thin edge links, consider the remaining 1726 vertex surfaces in Tws- 
As we have seen aheady, heuristic pruning alone eliminates 1710 of these 
1726 surfaces (around 99%). On the other hand, if we use Theorem 11.21 
as a filtering tool (by removing all surfaces with no compatible partner as 
required by Theorem II. 2[) . we can eliminate 1227 of these 1726 surfaces 
(around 71%). 

Although this suggests that Theorem ll.2l is less effective as a filtering tool 
than heuristic pruning, it is significantly faster to use — filtering by Theorem 
11.21 takes just a few seconds, whereas running all 1726 surfaces through 
heuristic pruning takes about 40 minutes (primarily because we must cut 
along each surface, which can produce triangulations with thousands of 
tetrahedra to simplify and test). It follows that Theorem 11.21 could be used 
as a very fast initial filter, leaving a smaller set of surfaces to run through 
the more expensive heuristic pruning. 

A more sophisticated variant of this idea is to repeatedly call upon The- 
orem 11.21 throughout the heuristic pruning process. That is, every time a 
surface S is eliminated through heuristic pruning, we immediately eliminate 
every other surface that has S as its only compatible partner. Although 
this should further improve the efficiency of elimination, the final result 
(i.e., the set of leftover surfaces) will of course remain the same. 

Finally, we note that it is possible to prove the Weber-Seifert dodecahedral space 
to be non-Haken without employing Theorem ll.2l at all, although the relevant com- 
putations require significantly more human intervention. If we begin with the first 
alternative triangulation of (14. 1[) . we obtain 1909 vertex surfaces. With heuristic 
pruning this list reduces to just nine surfaces: eight surfaces 5'i, . . . , 5*8 of genus 7, 
and one surface 5*9 of genus 8. 

For each genus 7 surface Si {1 < i < 8), cutting along Si gives at least one 
bounded triangulation 7i with free fundamental group. By repeatedly applying 
Pachner moves, we can recognise the underlying manifold as a genus 7 handlebody, 
showing the original surface Si to be compressible. 

The final surface Sg is more difficult to deal with. We cut along Sg to obtain 
bounded triangulations Tg and Tg] although we are not able to identify either 
component, with sufficiently many Pachner moves we can nevertheless manufacture 
a compressing disc in the form described by Lemma |3. II 
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